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Abstract
Let G be a finite group and χ be an irreducible character. We say that a subgroup H is a χ -sub-
group if the restriction χH of χ to H has at least one linear constituent of multiplicity 1. Not every
pair (G,χ) has a χ -subgroup, but χ -subgroups can be found in many cases. The existence of such
subgroups is of interest for several reasons, one being that knowledge of a χ -subgroup enables us to
give a simple construction of a matrix representation of G affording χ . In this paper we show that,
when G = Sp(4, q) where q is a power of an odd prime p and H is a Sylow p-subgroup of G, then
H is a χ -subgroup for every irreducible character χ (with one exception). We also find a p-subgroup
which is a χ -subgroup for the exceptional character.
© 2005 Elsevier Inc. All rights reserved.
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Let G be a finite group and χ be an irreducible character. We say that a subgroup
H is a χ -subgroup if the restriction χH of χ to H has at least one linear constituent of
multiplicity 1. Not every pair (G,χ) has a χ -subgroup, but χ -subgroups can be found
in many cases. The existence of such subgroups is of interest for several reasons such as
computing primitive idempotent elements, calculating Clifford classes and constructing
irreducible representations.
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V. Dabbaghian-Abdoly / Journal of Algebra 303 (2006) 618–625 619Janusz [8] established a method to compute primitive idempotents of G as a product
eχeϕ of central idempotents where eχ corresponds to the irreducible character χ of G and
eϕ corresponds to a linear character ϕ of some subgroup H of G such that 〈ϕG,χ〉 = 1.
N. Yelkenkaya [13] and E. Güzel [7] used Janusz’s method to construct the full system
of primitive idempotents of the complex group algebras of SL(2, q) and SL(3, q), respec-
tively. Using the character table of G = SL(3, q) (determined by J.S. Frame and W.A.
Simpson [10]) where q is a power of prime p, Güzel [7] showed that for each irreducible
character χ of G there exists a linear character ϕ of a Sylow p-subgroup H of G such that
〈ϕG,χ〉 = 1 (see [2]).
Suppose χ is an irreducible character of a group G and H N G where N is normal
in G. If H is a χ -subgroup Turull [12] described a method to calculate the Clifford class
of χ in certain cases.
An efficient and simple method to construct matrix representations of finite groups has
been described in [6]. If χ is an irreducible character of G and H is a χ -subgroup, then
using this method one can construct a representation of G affording χ . This has be in-
corporated as part of a general program to compute representation of groups afforded by
characters of degree < 32 (see [2–4]).
The problem in using this method to construct representations of G is to find a
χ -subgroup for the irreducible character χ of G. We may need to examine the full lat-
tice of subgroups of G to find a χ -subgroup. Indeed there is no guarantee that for a given
character χ any χ -subgroup exists. An example of a solvable group where no such sub-
groups exist is given by G. Glauberman [8]. This is a group of the form G := P  Q8,
where P is a Sylow 7-subgroup of SL(3,7) and Q8 is the quaternion group. The group
G has an irreducible character χ of degree 14 which has no χ -subgroups. Also one
can find non-solvable examples. For instance, the covering group 6.A7 of the alternat-
ing group A7 has an irreducible character χ of degree 36 for which there is no such a
subgroup.
For the case when G is a simple group or a covering group of a simple group listed in
the Atlas [1], it is shown that [5], with a few exceptions, there is a χ -subgroup for each
nontrivial irreducible character χ of G of degree < 32.
Throughout this paper, we use the notation of [11]. The finite symplectic group Sp(4, q)
of dimension 4 over finite fields of odd order F = GF(q), is the set of all nonsingular 4 × 4
matrices X satisfies XAX′ = A, where
A =
⎛
⎜⎜⎜⎝
0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
⎞
⎟⎟⎟⎠ .
In this paper we show that a Sylow p-subgroup of G = Sp(4, q), say H , is a χ -subgroup
for all irreducible characters χ of G such that χ(1) = 12q(q − 1)2. For χ(1) = 12q(q − 1)2
we prove that an abelian subgroup K of H of order q3 is a χ -subgroup.
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(λ,α,μ,β) =
⎛
⎜⎜⎜⎝
1 λ 0 λα + β
0 1 0 α
−α β 1 μ
0 0 0 1
⎞
⎟⎟⎟⎠ .
If H = {(λ,α,μ,β) | for λ,α,μ,β ∈ F} then H is a Sylow p-subgroup of G of order q4.
Let S and S′ be the sets of nonzero elements of F which are squares and non-
squares, respectively. Then |S| = |S′| = (q − 1)/2. Suppose C0,Cμ,Cβ,Cλ,Cλμ,Cα and
Cλα are conjugacy classes of H with representatives (0,0,0,0), (0,0,μ,0), (0,0,0, β),
(λ,0,0,0), (λ,0,μ,0), (0, α,0,0) and (λ,α,0,0) for μ,β,λ,λμ,α and λα in S. In the
case that μ,λ,λμ and λα are in S′ these classes are denoted by Cμ′,Cλ′ ,C(λμ)′ and C(λα)′ ,
respectively.
The conjugacy classes of G are given in [11]. The conjugacy classes of G which contain
elements of H are A1, A21, A22, A31, A32, A41 and A42. The conjugacy classes of H are
listed in Table 1 (see [11]).
The character table of Sp(4, q) with q odd prime power has been computed in [11].
This character table had some misprints. Table 2 is a part of the original table given in
[11] with corrections. This table contains values of irreducible characters of Sp(4, q) on
the conjugacy classes which contain elements of H . The parameters ε˜ and ε˜′ are defined
−s(s + √sq)/2 and −s(s − √sq)/2 respectively, where s = (−1)(q−1)/2. It is easy to see
that ε˜+ ε˜′ = −1. The values of characters at classes A22 and A42 are omitted, since they can
be obtained from the values at A21 and A41 by replacing ε˜′ by ε˜ and ε˜ by ε˜′, respectively.
Characters with the negative sign are the irreducible form of the characters listed in [11]. It
is sufficient to give the values of one character of the pair {−ξ21(k),−ξ22(k)} since for the
values of the other one it is enough to replace ε˜′ by ε˜ and ε˜ by ε˜′. A similar statement
holds for the pairs {ξ ′21(k), ξ ′22(k)}, {ξ41(k), ξ42(k)}, {−ξ ′41(k),−ξ ′42(k)}, {−Φ1,−Φ2},{−Φ3,−Φ4}, {Φ5,Φ6}, {Φ7,Φ8}, {θ1, θ2}, {θ3, θ4}, {−θ5,−θ6} and {−θ7,−θ8}. The ab-
Table 1
Conjugacy classes in H and corresponding classes in Sp(4, q)
Classes in H Number of classes Class size Class in G
C0 1 1 A1
Cμ (q − 1)/2 1 A21
Cμ′ (q − 1)/2 1 A22
Cβ q − 1 q A31
Cλ (q − 1)/2 q A21
Cλ′ (q − 1)/2 q A22
Cλμ (q − 1)2/2 q A31
C(λμ)′ (q − 1)2/2 q A32
Cα q − 1 q2 A31
Cλα (q − 1)2/2 q2 A41
C(λα)′ (q − 1)2/2 q2 A42
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Values of the irreducible characters of Sp(4, q) on elements of H
Characters A1 A21 A31 A32 A41
χ1(j) (1 − q2)2 1 − q2 1 − q 1 + q 1
−χ2(j) q4 − 1 q2 − 1 −q − 1 q − 1 −1
χ3(k, r) (1 + q)2(1 + q2) (1 + q)2 1 + 3q 1 + q 1
χ4(k, r) (1 − q)2(1 + q2) (1 − q)2 1 − q 1 − 3q 1
−χ5(k, r) q4 − 1 −q2 − 1 q − 1 −q − 1 −1
−χ6(k) (q − 1)(1 + q2) q − 1 −1 2q − 1 −1
−χ7(k) q(q − 1)(1 + q2) q(q − 1) −q −q
χ8(k) (q + 1)(1 + q2) 1 + q 1 + 2q 1 1
χ9(k) q(q + 1)(1 + q2) q(q + 1) q q
−ξ1(k) (q − 1)(1 + q2) −q2 + q − 1 q − 1 q − 1 −1
−ξ ′1(k) q(q − 1)(1 + q2) −q −2q
ξ3(k) (q + 1)(1 + q2) q2 + q + 1 1 + q 1 + q 1
ξ ′3(k) q(q + 1)(1 + q2) q 2q
−ξ21(k) 12 (q4 − 1) − 12 (1 + q) + q(q − 1)ε˜ − 12 (1 − q) − 12 (1 + q) ε˜′
ξ ′21(k)
1
2 (1 − q)2(1 + q2) 12 (1 − q) − q(q − 1)ε˜′ 12 (1 − q) 12 (1 − 3q) −ε˜
ξ41(k)
1
2 (1 + q)2(1 + q2) 12 (1 + q) − q(1 + q)ε˜ 12 (1 + 3q) 12 (1 + q) −ε˜
−ξ ′41(k) 12 (q4 − 1) − 12 (1 − q) + q(1 + q)ε˜ − 12 (1 − q) − 12 (1 + q) ε˜
−Φ1 12 (q − 1)(1 + q2) − 12 (1 − q)2 + qε˜ − 12 (1 − q) − 12 (1 − q) ε˜
−Φ3 12 q(q − 1)(1 + q2) − 12 q(1 − q) + q2ε˜ −q
Φ5
1
2 (1 + q)(1 + q2) 12 (1 + q)2 + qε˜′ 12 (1 + q) 12 (1 + q) −ε˜
Φ7
1
2 q(1 + q)(1 + q2) 12 q(1 + q) + q2ε˜′ q
Φ9 q(1 + q2) q q q
θ1
1
2 q
2(1 + q2) −q2ε˜
θ3
1
2 (1 + q2) 12 (1 + q) + qε˜ 12 (1 + q) 12 (1 − q) −ε˜′
−θ5 12 q2(q2 − 1) q2ε˜
−θ7 12 (q2 − 1) − 12 (1 − q) + qε˜ − 12 (1 − q) − 12 (1 + q) ε˜
θ9
1
2 q(1 + q)2 12 q(1 + q) q
θ10
1
2 q(1 − q)2 12 q(1 − q) q
θ11
1
2 q(1 + q2) 12 q(1 − q) q
θ12
1
2 q(1 + q2) 12 q(1 + q) q
θ13 q4
sence of an entry in the table indicates that the corresponding value is zero. The parameters
j , k and r are defined in [11]. Since values of the characters in Table 2 are independent of
these parameters so we do not redefine them.
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(ξ ′22(k))H . Using the values of irreducible characters of G in Table 2, we can write the
restriction of each irreducible character χ of G on H as a linear combination of the char-
acters a1, a2, b, c, d1, d2 and the principal character 1. These linear combinations are as
follows:
(
χ1(j)
)
H
= d1 + d2 + 4b,(−χ2(j))H = d1 + d2 + 2c + 2b − 2 · 1,(
χ3(k, r)
)
H
= d1 + d2 + 4c + 4b + 4a1 + 4a2 − 4 · 1,(
χ4(k, r)
)
H
= d1 + d2,(−χ5(k, r))H = d1 + d2 + 4b + 2a1 + 2a2 − 4 · 1,(−χ6(k))H = c + b − 1,(−χ7(k))H = d1 + d2 + c + b − 1,(
χ8(k)
)
H
= c + b + 2a1 + 2a2 − 1,(
χ9(k)
)
H
= d1 + d2 + 3c + 3b + 2a1 + 2a2 − 3 · 1,(−ξ1(k))H = 2b + a1 + a2 − 2 · 1,(
ξ ′1(k)
)
H
= d1 + d2 + 2b + a1 + a2 − 2 · 1,(
ξ3(k)
)
H
= 2c + a1 + a2,(
ξ ′3(k)
)
H
= d1 + d2 + 2c + 4b + 3a1 + 3a2 − 4 · 1,(−ξ21(k))H = d1 + 2b + a1 + a2 − 2 · 1,(−ξ22(k))H = d2 + 2b + a1 + a2 − 2 · 1,(
ξ41(k)
)
H
= d1 + 2c + 2b + 3a2 + a1 − 2 · 1,(
ξ42(k)
)
H
= d2 + 2c + 2b + a2 + 3a1 − 2 · 1,(−ξ ′41(k))H = d2 + 2b + 2a1 − 2 · 1,(−ξ ′42(k))H = d1 + 2b + 2a2 − 2 · 1,
(−Φ1)H = b + a1 − 1,
(−Φ2)H = b + a2 − 1,
(−Φ3)H = d1 + b + a1 − 1,
(−Φ4)H = d2 + b + a2 − 1,
(Φ5)H = c + a2,
(Φ6)H = c + a1,
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(Φ8)H = d1 + c + 2b + a2 + 2a1 − 2 · 1,
(Φ9)H = c + b + a1 + a2 − 1,
(θ1)H = d2 + c + b + a2 − 1,
(θ2)H = d1 + c + b + a1 − 1,
(−θ5)H = d1 + 2b + a1 − 1,
(−θ6)H = d2 + 2b + a2 − 1,
(−θ7)H = a1 − 1,
(−θ8)H = a2 − 1,
(θ9)H = c + a1 + a2 − 1,
(θ11)H = b + a1 + a2 − 1,
(θ13)H = d1 + d2 + c + 3b + a1 + a2 − 2 · 1.
Now using the above equations we prove for each irreducible character χ except θ10
of G, character χH has a linear constituent with multiplicity one.
Lemma 1. 〈a1,1〉 = 〈a2,1〉 = 〈c,1〉 = 1 and 〈b,1〉 = 〈d1,1〉 = 〈d2,1〉 = 0.
Proof. Using Table 1, we have: |H ∩ A1| = 1, |H ∩ A21| = |H ∩ A22| = (q2 − 1)/2,
|H ∩A31| = q(q − 1)(3q + 1)/2, |H ∩A32| = q(q − 1)2/2 and |H ∩A41| = |H ∩A42| =
q2(q − 1)2/2. Thus for any character θ of H we have 〈θ,1〉 = q−4{θ(1) +∑nij θ(xij )}
where xij is a representative of the class Aij and nij = |H ∩ Aij |.
Therefore
〈a1,1〉 = q−4
{
1
2
(
1 + q2)+ 1
2
(
q2 − 1)
(
1
2
(q + 1) + qε˜
)
+ 1
2
(
q2 − 1)
(
1
2
(q + 1) + qε˜′
)
+ 1
2
q(q − 1)(3q + 1)
(
1
2
(q + 1)
)
+ 1
2
q(q − 1)2
(
1
2
(1 − q)
)
+ 1
2
q2(q − 1)2(−ε˜′) + 1
2
q2(q − 1)2(−ε˜)
}
.
Simplifying the equation above and substituting ε˜′ + ε˜ = −1 implies 〈a1,1〉 = 1. By re-
placing ε˜′ by ε˜ and ε˜ by ε˜′, we get 〈a2,1〉 = 1. Also
〈b,1〉 = q−4
{
1
q(q − 1)2 + (q2 − 1)
(
1
q(1 − q)
)
+ 1q(q − 1)2q
}
= 0,2 2 2
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〈c,1〉 = q−4
{
1
2
q
(
q2 + 1)+ (q2 − 1)
(
1
2
q(1 + q)
)
+ 1
2
q(q − 1)2q
}
= 1.
Using same computations for d1 and d2 we have
〈d1,1〉 = q−4
{
1
2
(1 − q)2(q2 + 1)+ 1
2
(
q2 − 1)
(
1
2
(1 − q) − q(q − 1)ε˜′
)
+ 1
2
(
q2 − 1)
(
1
2
(1 − q) − q(q − 1)ε˜
)
+ 1
2
q(q − 1)(3q + 1)
(
1
2
(1 − q)
)
+ 1
2
q(q − 1)2
(
1
2
(1 − 3q)
)
+ 1
2
q2(q − 1)2(−ε˜) + 1
2
q2(q − 1)2(−ε˜′)
}
.
Again by simplifying the equation above and substituting ε˜′ + ε˜ = −1 we have 〈d1,1〉 = 0.
Replacing ε˜′ by ε˜ and ε˜ by ε˜′ results 〈d2,1〉 = 0. 
Theorem 2. Let χ be an irreducible character of the finite symplectic group G = Sp(4, q)
for q a power of an odd prime p, and let H be a Sylow p-subgroup of G. If χ = θ10
then χH has a linear constituent with multiplicity one. If χ = θ10 then H has an abelian
subgroup K of order q3 such that χK has this property.
Proof. First we show if τ ∈ {a1, a2, c, d1, d2} then there exists a nonprincipal linear char-
acter ϕ of H such that 〈τ,ϕ〉 = 1.
Let ρ = (θ13)H . Since ρ(1) = q4 = |H | and ρ(h) = 0 for all 1 = h ∈ H , thus ρ is
the regular character of H and 〈ρ,ϕ〉 = 1 for all linear characters ϕ of H . Since ρ =
d1 + d2 + c + 3b + a1 + a2 − 2 · 1 and 〈b,1〉 = 0, the character b has no linear constituent.
Also if a1, a2, c, d1 and d2 have a nonprincipal linear constituent ϕ, then its multiplicity
is 1. Furthermore, if ϕ is a nonprincipal linear constituent of one of the a1, a2, c, d1 and d2,
then it is not a constituent of the others.
The degrees of all irreducible complex characters of H are 1 or q (see [9]). Using
Lemma 1, 〈a1,1〉 = 〈a2,1〉 = 〈c,1〉 = 1, and q  a1(1) − 1 = a2(1) − 1 and q  c(1) − 1,
so a1, a2 and c have each a nonprincipal linear constituent with multiplicity one. Simi-
larly, 〈d1,1〉 = 〈d2,1〉 = 0 and q  d1(1) = d2(1), so d1 and d2 have nonprincipal linear
constituents with multiplicity one.
Now suppose χ = θ10 is an irreducible character of G. Looking at χH as a linear com-
bination of the characters a1, a2, b, c, d1, d2 and 1, we have at least one of the a1, a2, c,
d1 and d2 appears as a component of χH with multiplicity one. This implies that for each
irreducible character χ = θ10 there exist a linear character ϕ = 1 such that 〈χH ,ϕ〉 = 1.
Now suppose K is the subgroup of H containing all elements of the form (λ,0,μ,β),
then K is abelian of order q3. We prove there exists a nonprincipal linear character ϕ of K
such that 〈(θ10)K,ϕ〉 = 1.
Let ν = (θ9)K + (θ10)K . Then ν is a character of degree q3 + q of K . Since K contains
the elements (λ,α,μ,β) of H such that α = 0, thus using Table 1 the nontrivial elements
V. Dabbaghian-Abdoly / Journal of Algebra 303 (2006) 618–625 625of K are in the conjugacy classes A21,A22 and A31. Now using the values of θ9 and
θ10 on these conjugacy classes in Table 2, we have ν(k) = q for all nontrivial elements
k ∈ K . This implies ν = ρ + q · 1 where ρ and 1 are the regular and principal characters
of K , respectively. Hence 〈ν,1〉 = q + 1 and 〈ν,ϕ〉 = 1 for each nonprincipal character ϕ
of K . Since θ10(1) = 12q(q − 1)2 > q + 1 there exists a linear character ϕ of K such that〈(θ10)K,ϕ〉 = 1. This completes the proof. 
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